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Symmetric Channels

X —> BISMC —» Y

Binary-Input Symmetric Memoryless Channel

e binary input alphabet: X € {+1,-1}

@ arbitrary output alphabet: YeR

@ memoryless

@ symmetric: p(y|lxr) = p(—y| — =)
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Example: BISMC

Original Channel

+4
+1 19
X
—2
—1
—4

Sub-Channels
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Original Channel Sub-Channels
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Example: BISMC

Original Channel Sub-Channels

A=1
+4

+1

@ Sub-channel indicator: A :=|Y|
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Mutual Information

X ——— BISMC ——» Y

@ BISMC with transition probabilities py|x (y|x)

px|y (z|y) }

I(X;Y) := E{log2 (&)
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Mutual Information

1l —€
+1 +1
€
—1 —1
1l —€

@ BSC with crossover probabillity e
I(X;Y):=1—h(e)

@ Binary entropy function

h(€) == —elogy € — (1 — €)logs(1 — €)
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Example: BISMC (2)

A=1
+1
1
9
X Ty X Y
1 2 ~1
_4 —4

+1 19
X Y
(Remember: A :=|Y|) 1 —2
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Example: BISMC (2)

+4
+1 49
X Y
—2
—1
—4

(Remember: A :=|Y|)

o I(X:;Y)

A=2

e I(X;Y|A=4)=1-h(e)
e [(X;Y|A=2)=1-—h(e)
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Example: BISMC

Decomposition into
sub-channels that are BSCs

+4
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Example: BISMC

@ Mutual information Decomposition into
of blue sub-channel: sub-channels that are BSCs
j1=1—h(e1)
of green sub-channel: 44
g2 =1 — h(e2) +2
X Y
General: |J € {j1,7o} =2
—4

@ Mutual information
of (original) channel

I(X;Y) = E{J}
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Example: BISMC

@ Mutual information Mutual Information Profile
of blue sub-channel:
j1=1—h(e) ol
of green sub-channel: 0.8
. ®
j2 =1 —h(e2) o6l
3°
. . ﬁ
General: | J € {j1,72} 0.4
0.2}
@ Mutual information

of (original) channel 0 |
I(X;Y)=E{J} J
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Mutual Information Profile

@ Binary-input symmetric memoryless channel
@ Property of a BISMC (also for continuous output alphabet)

Decomposable into sub-channels that are BSCs

@ Characterization of a BISMC

Mutual Information Profile

Distribution p;(j) of the
sub-channel mutual information J

@ Notice: I(X;Y) =E{J}
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Information Combining

BISMC1 : Y,
BISMC2 — Yy
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Information Combining
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Examples for Information Combining

>
w
!rn
O
~<

@ Binary Erasure Channels

T=1—(1—-I)1—-15)
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Examples for Information Combining

>
w
Fcn
O
=<

@ Binary Symmetric Channels

[= f5" (11, 12)

with f£' (11, 1) = I + I — 1+ h(e1(1 = ) + (1 = e1)ea),
€1 = h_l(l — Il), €y = h_l(l — IQ)
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Information Combining: Problem

>
E
!m
<
O
=<

@ Overall mutual information depends on channel models

@ Bounds on overall mutual information?
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Information Combining: Solution (1)

I = [(X,Y1Y2)
— ' / ?zh (jlzg?JQ(' )I<X;Y1Y2|J1 — j1, Jz — ]22 djl dj2
TR MIPL MIP? 2 « BSC
= B{ /(1 1)}

2 % BSC
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Information Combining: Solution (2)

@ Bounding the expected value:

E{ 2par(J1»J2)} >

E{ gar(Jl,b)} <

e Properties of f5%" (1, j2):

V Ingmar Land, Modern Channel Coding (June 2005) — p.12



Information Combining: Solution (2)

@ Bounding the expected value:

E{ par(Jl,Jg)} > par(E{Jl} E{Jg}): P2 (11, 1)

E{ 52 (J1, J2)} <

e Properties of f5%" (1, j2):

o fY(j1,72) is convex-U  (Mrs. Gerber's Lemma)
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Information Combining: Solution (2)

@ Bounding the expected value:

E{ par(Jl,Jg)} > par(E{Jl} E{Jg}): P2 (11, 1)

B{ (1)} < B{i-(-m)-n)}=
—1—(1=0)1- 1)

e Properties of f5%" (1, 72):

a fY(j1,72) is convex-U  (Mrs. Gerber's Lemma)
@ f57(J1,92) > 1= (1= j1)(1 = j2)
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Information Combining: Bounds

>
E
!m
<
O
=<

e Mutual information of the component channels
I:=1(X;Yy)and [ := [(X;Y5)

e Mutual information of the overall channel I := 7(X;YY5)

> (L) < 1 < 1-(1-L)1-15)

A\ J/

9 % BSC 92 % BEC
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Repeat Codes

X ————»

BISMC1

X9 —

BISMC2

X3 —

BISMC3

X4y ———»

BISMC4
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Repeat Codes

@ BISMC1 |——» Y]

S X9 —— | BISMC2

X3 ——»| BISMC3

X4 ———»| BISMC4

e Given:
Mutual informations of the component channels

I, :=I(X,Y,), n=1234

e Wanted:
Bounds on the extrinsic mutual information

Ie1 = I(X1;YaY3Yy)

(analogous for X5, X3, X4)
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Repeat Codes

BISMC1
S X9 —— | BISMC2
X3 —— BISMC3
X4 ———»| BISMC4
@ Solution:

f??ar(l27[37]42 < [e,l
only BSCs

< 1-(1-L)1-K)(1-1Ly

onIyEECs
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Repetition Codes

@ Code length N

e Input:
I, =1, Vn

e Output:
le := % 22[:1 len

@ EXIT Function:
I, — I

@ BSCs, BECs

. EXIT Functions

o8t
0.6 o
04t e

02' """ N e 3
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Repetition Codes: EXIT Functions

@ Code length N

1_,,
e [nput:
I, =1, Vn s/
e Output:
N oet 4
Ie = % anl Ie>n ’\q|)
e EXIT Function: oat (
Iy — I
o2 N =9
@ BSCs, BECs '
Oo 02 04 06 08 1
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Single Parity-Check Codes

X ————»

BISMC1

X9 —

BISMC2

X3 —

BISMC3
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BISMC4
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Single Parity-Check Codes

BISMC1 }———» Y,

X9 —— | BISMC2

X3 ——»| BISMC3

X4 ———»| BISMC4

e Given:
Mutual informations of the component channels

I, :=I(X,Y,), n=1234

e Wanted:
Bounds on the extrinsic mutual information

Ie1 = I(X1;YaY3Yy)

(similarly for X, X5, X3)
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Single Parity-Check Codes

BISMC1 |——» Y}
X9 —— | BISMC2
X3 —— BISMC3
X4y ——»| BISMC4
@ Solution:
Iy-Is-1y < Ien < f355(I2, 13, 14)
only BECs only BSCs
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Single Parity-Check Codes: EXIT Functions

@ Code length N

e Input:
I, =1, Vn

e Output:
Ie = % Zfr]jzl Ie,n )

@ EXIT Function:
I, — I

@ BSCs, BECs
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Single Parity-Check Codes: EXIT Functions

@ Code length N

1_,,,
e Input:
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Single Parity-Check Codes: EXIT Functions

@ Code length N

e Input:
I, =1, Vn

e Output:

N | N
Ie "— N anl Ie,n )

@ EXIT Function:
I, — I

@ BSCs, BECs

0.8

0.6/

041

0.2}
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EXIT Functions for LDPC Codes (Reviewed)

—»| Encoder }——{ Channel Var-Dec

Chk-Dec

@ Variable-Node EXIT-Function

1L V) (Parameter: I.p)

@ Check-Node EXIT-Function
7v) (c)

e = le

@ Computation of EXIT functions based on specific model for
the virtual extrinsic (a-priori) channel
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EXIT-Charts (Reviewed)

@ Regqgular LDPC code
dV) —
d©) — 4
R=1/4
@ |terative decoder: ~
Ich
—»] Var-Dec }+—» -
18 ( ) 1" 0

Chk-Dec

@ error free decoding guaranteed
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@ Regqgular LDPC code
dV) —
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EXIT-Charts (Reviewed)

@ Regqgular LDPC code
dV) — 3
d©) = 4
R=1/4
@ |terative decoder: ~
Ich
—»] Var-Dec }+—» -
18 ( ) 1" 0

Chk-Dec

@ decoding threshold
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Bounds on EXIT Functions

EXIT functions are computed based on a specific model for the
virtual extrinsic (a-priori) channels

Disadvantage: Decoding threshold is generally not exact

ldea: Use bounds on information combining
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Bounds on EXIT Functions

EXIT functions are computed based on a specific model for the
virtual extrinsic (a-priori) channels

Disadvantage: Decoding threshold is generally not exact

ldea: Use bounds on information combining

Variable-node decoding (bounds for repeat codes)

P (I, 189, 19) < 1Y) < 1= (1= I (1 — 19y

Check-node decoding (bounds for SPC codes)

(1101 < 119 < g (7 1Y)
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Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec
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Bounds on Decoding Threshold

e Regular LDPC-Code

dV) =3
d©) — 4
R=1/4

@ lIterative decoder:

Ich
—1 Var-Dec |—»
Ie(c> < ) Ie(V) 0 i i i i
0) 0.2 0.4 0.6 0.8 1

Chk-Dec

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding guaranteed

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding guaranteed

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding guaranteed

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding guaranteed

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding guaranteed

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding possible

V Ingmar Land, Modern Ch

annel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding impossible

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding impossible

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding impossible

V Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

e Regular LDPC-Code

dV) —
d©) = 4
R=1/4

@ lIterative decoder:

Ich
———| Var-Dec
IAS
Chk-Dec

error-free decoding impossible

Ingmar Land, Modern Channel Coding (June 2005) — p.21



Bounds on Decoding Threshold

@ Decoding thresholds analytically determined

@ Depend only on the mutual information (capacity) of the
communication channel

e Valid for all(!) BISMCs

Advantage:
More general than the conventional EXIT-Chart Method

Disadvantage:
“*Only” bounds on the threshold
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