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Adding redundancy

▪ Encoding of a linear code is multiplication of an 
information block with a generator matrix.

▪ The goal is to produce a codeword which is longer 
than the information block and therefore contains 
redundancy.

▪ Every digit of the codeword is a linear combination 
of some digits of the information block.
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Adding redundancy

▪ A simplification is to generate code digits only as 
linear combination of the last v information digits.

▪ If the combination is the same for every code 
digit we can implement it as a linear filter.

▪ The more parity sequences we generate, the more 
redundancy is added.
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Convolutional Encoders

▪ The output sequence can be written as a 
convolution of the input sequence and the „impulse 
response“ of the filter

 Convolutional Codes
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Other Types of Convolutional Codes

Systematic encoder
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Recursive systematic encoder (RSC)
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Notation

Octal numbers are used to describe the connections of
the encoder.

The example below is written as 5/7 convolutional code.

D D

+ +

u

p(1)

p(2)

parallel
to

serial

p(1)
0, p

(2)
0, p

(1)
1, p

(2)
1, ...

+

1 0 1

1 1 1



© ftw. 2005

Generator Matrix of a CC
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Output depends on the last v information symbols and the
dependency is the same for every code symbol.

Band structure
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Analyzing Convolutional Codes

▪ At every timestep, the encoder is in a certain 
state which is simply described by the contents of 
its memory. It can be drawn as a state diagramm:
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Trellis
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Terminated Trellis

▪ A convolutional encoder produces an infinite 
stream of data

▪ For decoding, we will consider the problem of 
decoding a finite block of data
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Decoding

▪ Sequence decoding:

▪ Symbol decoding:

Source

Sink

Convolutional
Encoder

Decoder

Channel

U1, U2, … X1, X2, …

Y1, Y2, …Û1, Û2, …

Choose the most likely u1, …, uK given
the  observation y1, …, yN

For all i, choose the most likely ui

given the  observation y1, …, yN
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Sequence Decoder

▪ General binary input memoryless channel:

 P(y|X=0) and P(y|X=1) given

▪ Sequence Decoder: max P(x1…xN|y1…yN) over all 
possible codewords x = x1…xN, but

 P(x1…xN|y1…yN) = P(y1…yN|x1…xN)P(x1…xN)/P(y1…yN),

 P(x1…xN) = 2-K, and

 P(y1…yN|x1…xN) = i P(yi|xi)

Sequence decoder: for a received sequence y = y1…yN,
max i P(yi|xi) over all choices of codewords x = x1…xN 
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Symbol Decoder

▪ Symbol decoder: for every i, choose xi to maximize

 P(xi|y1…yN), i.e.,

   xi = 0 if P(Xi=0|y1…yN) > P(Xi=1|y1…yN)

   xi = 1 if P(Xi=0|y1…yN) < P(Xi=1|y1…yN)

   xi = 0 or 1 if P(Xi=0|y1…yN) = P(Xi=1|y1…yN)

 or, in log-likelihood ratios: xi = ½ - ½sgn L(Xi|y1…yN)

▪ But P(Xi=0|y1…yN) = Xi = 0 P(x1…xN|y1…yN)

 and P(x1…xN|y1…yN) = 2-K j P(yj|xj) / P(y1…yN)

Symbol decoder: for a received sequence y = y1…yN, for
every i, choose xi = 0 if Xi=0j P(yj|xj) ¸ Xi=1j P(yj|xj)
and choose xi = 1 otherwise
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Decoder complexity

▪ Sequence decoder: compare 2K products of N factors

▪ Symbol decoder: N sums of 2K products of N factors

It is impossible to realize these decoders in practice
for general codes
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Sequence Decoding:
the Viterbi Algorithm

If two codewords have the same suffix,
x = x1…xkxk+1…xN   and z = z1…zkxk+1…xN

then P(x|y1…yN) ¸ P(z|y1…yN) if and only
if i=1…k P(yi|xi) ¸ i=1…k P(yi|zi)

For k=1…N, compute i=1…k P(yi|xi) along every
path in the trellis. Whenever two paths meet,
discard the path with the lower probability!

Question:   is    P(011011100011|y1…yN) ¸ P(110101100011|y1…yN)  ?? 
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Andrew J. Viterbi

One of the most famous and
Successful information theorists

Co-founded Link-a-bit and 
Qualcomm
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The Viterbi Algorithm

▪ In practice, it is easier (and equivalent) to minimize

 i -log P(yi|xi) than to maximize i P(yi|xi)

▪ Exercise: the log-likelihood ratios corresponding to 
the received word out of a BIAWGN channel are

 +0.4, -1.2, +0.2, +0.8, -0.3, -0.1, -0.3. What is the most 
likely transmitted codeword?
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Exercise

▪ Convert LLRs to -log(PX|Y(0,y)) and -log(PX|Y(1,y)) 

▪ -log(PX|Y(0,y)) = log(1+exp(LLR))

▪ -log(PX|Y(1,y)) = log(1+exp(LLR)) – LLR

root

toor

LLR .4 -1.2 .2 .8 -.3 -.1 -.3

-log(PX|Y(0,y)) .91 .26 .80 1.17 .55 .64 .55

-log(PX|Y(1,y)) .51 1.46 .60 .37 .85 .74 .85

.91

.51
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Symbol decoding: the BCJR Algorithm
(Bahl, Cocke, Jelinek & Raviv, 1974)
(also known as the forward-backward algorithm)

We want to calculate Xi=0j P(yj|xj)
and Xi=1j P(yj|xj) 

We can separate the sums for Xi in sums over
each red (or green) edge at depth i, i.e., 
Xi=0jP(yj|xj) = red edges at depth i paths through edge jP(yj|xj)
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Symbol decoding: the BCJR Algorithm

We now write paths through a red edge at depth i jP(yj|xj)  as

the product of: P(yi|Xi=0),
   paths ending in origin statejP(yj|xj), and
   paths beginning in destination state jP(yj|xj),

since every combination of a path ending in the origin
state of the edge, the edge itself and a path beginning
in the destination state of the edge is a valid path
(codeword) passing through our edge
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Symbol decoding: the BCJR Algorithm

The expression paths ending in origin statejP(yj|xj)
can be computed recursively by summing the paths
ending at states to the left of our state and multiplying
them by the P(yk|xk) on the connecting edge
The same is true for paths beginning in destination state jP(yj|xj)
(except we sum recursively over the states to the right
of our state)
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The BCJR Algorithm

1.) For every edge, compute i = P(yi|xi) 
(where xi=0 for a red edge and xi=1 for a green edge)

2.) For the root, define root = 1
     Starting from the root, for every node n, compute
                   n = n’ left of n  n’! n n’

3.) For the toor, define toor = 1
     Starting from the toor, for every node n, compute
                   n = n’ right of nn! n’n’ 

4.) For every edge, compute origin  destination

5.) At every depth, sum the values on the red edges
to obtain Xi=0jP(yj|xj) and the values on the
green edges for Xi=1jP(yj|xj) 
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