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The Channel W
- A

= The channel is the link between the transmitter
and the receiver.

= Signals sent by the transmitter will usually be
corrupted by the channel.

= The corruption of the signal has some random
source.

= We use channel models that approximate real
channels.

© ftw. 2005
s



The Channel W

X e A, Y € Aout
—» Channel ——

The channel maps a symbol of the input alphabet to a
symbol of the output alphabet (randomly).

This mapping can be described by the probability of a
symbol at the output, given that a symbol at the input
has been transmitted.

P(Y =y|X = =)
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Channels with Discrete Output W

Binary Erasure Channel Binary Symmetric Channel
BEC BSC
YEAout:{+1,0,—1} YEAout:{+]-7_1}
+1 L0 o+41 +1 e the
5
o)
) €
—1 15 O-1 —1 T —1

Does the decoding algorithm of lecture 1 also
work for a BSC?
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Channels with Continuous Output W

Additive White Gaussian Noise Binary Input AWGN

AWGN BIAWGN
Gaussian noise Gaussian noise
X eA, =R Y e Ao =R X eAyp={+1,-1} Y € Aot = R
O + »O O + »QO

;;;;;;;;;
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e 202
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P(Y =y|X =a) =

N

0,
4444444444444
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Carl Friedrich Gauss 1777-1855
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BIAWGN vs. BSC Rina

A BIAWGN channel with “"hard decision” becomes a BSC.

Gaussian noise

1—c¢

X e Ay, = {+17_1} Y € Aout = R T € T1
O + »QO
€
P(Y =y|X = x) ! =5

=ylX =x) = ‘e 20 -1 —1

V2ro2 1—¢

(w12

e=P(Y >0|X =-1)= “202 dy

e
— e
0 Do
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Higher output Alphabet

+3
+2

+1 +1

+2
H:E%%iz:
—1 -1 -2
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Channels - Summary W

We use only binary input channels in this course.

Channels are memoryless.

Fully described by their transition probabilities.

All channels satisfy a symmetry property

PY =ylX =2) =P = —y|lX = —x)
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Abstraction of Channels W

In the end we are only interested which binary digit
was transmitted.

Therefore, we have to compare probabilities of
+1 or -1 conditioned on our observation.

P(X = 41|V = y) 2 P(X = —1]Y = y)
P(X =+1]Y =y) - P(X = 1]V =) 20

PX=41Y =y)
P(X = -1y = y)

P(X=+41Y =y) _

>0
P(X=-1Yy =vy) =

log
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Log-Likelihood Ratio Rina

P(X = +1]Y = y)
P(X = —1]Y = y)

P(Y = y|X = +1) - P(X = +1)

L(X]Y = y) = log

= lo
TPy =y[X = 1) - P(X = —1)
P(Y = y|X = +1 P(X = 41
— log ( Y| +>—|—Iog ( +1)
P(Y =y|X = —1) P(X =-1)
N\ _J A\ _J
Y Y
channel a-priori
L-value L-value
I—X,intr(y) = I—X,ch(y) + I—X,a“p'r'i

Note: Ly ntr(y)is aonly a function of y - not of x!
We will omit the subscript X if it is clear

from the context.
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LLR of some Channels W

+1 O+1
)
BEC 0
)
—1 15 O -1
11 1l —e¢ 11
€
BSC
€
-1 -1
l1—c¢

Lintr(+1) = Lapm' + o0
Lintr(0) = Lapm' + 0

Lintr(—1) = Lapm' — 0

1 —¢

€

Liner(+1) = Lapm' + log

c
Lintr(—1) = Lap'ri + log 1

— €

Note the symmetry of the channels.
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LLR of some Channels W

BIAWGN L) = log PV =X = +1)

P(Y = y|X = 1)

(y—1)2

Gaussian noise 1 — s
— log Y22’ i
X e A, ={41,-1} Y € At = R . _@
O é »O V2ro2 e
124+ @+ 12 2
o 202 o2

The L-Value of the channel is a scaled version of the
received valuey.

2y
I—intr(y) — ? + Lapri

The scaling determines the weighting between
observation and a-priori information.
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LLR Arithmetic

; 1+ 1T tanh (L(u)/2)
D8 L(u;) = log —5——
= 1~ T o (E(uy)/2)

j':

J
= 2artanh | | [ tanh (L(u;)/2)
i=1 o

IEES TRANSACTIONS ON INFORMATION THEORY. VOI.. 42, NO. 2, MARCH 1996

variable U7 The sign of Liz(u) is the hard decision and the
magnitude |Lis(u)| is the reliability of this decision. Unless
‘ stated otherwise, the logarithm is the natural logarithm.
‘ If the binary random variable ¢/ is conditioned on a different
|

is true. Using the relation. tanh (/2
obtain [3]

e 1)/(e* + )we

;
14 1T tanh{L0u;3/2)
random variable or vector V, then we have a conditioned 3=1
log- | a 1) ) I B
log-likelihood ratio Ley (uly) with = 12 1 bz /2
o Puu = g =t
Ly (uly) = log ['Ki 1}7; J
v W = 2artant | [] b (L(w)/2)] ()

« oy iyl
=log 5——— % +log
Pelu= 1) +log py ulyle

L) + Loy (s}

and finally approxinuate it as in (6) by

1]

‘When there is no danger of confusion, we will hencefarth skip SB L)~ 7

the 1ndices for the probabilities and the log-likelihood ratios. = -

Notice that the joint log-likelihood L{u.,y) is equal to the

conditioned log-likelihood /{uly) since Lhe probabilicy £(y) R

term can be canceled out. Using the relations = H‘ ian {Ling}}
i

Py

Jmin Flg)l 012)

Pluy @1y = +1) = Pluy
+(1 - Plu;

FU) - Plug = +1)
(L= Pluz=+1]) &)}

e reliability of the sum B i therefore determined by
the smallest refiability of the terms. From (11) we get the
symmetrical relation

with
" pca 2
vy - (1/2)
Plu=+1) = 17 " @ tanh ?2@1,(1,]) T wnh (Z6)2) (13)
ot et
it is casy Lo prove for staistically independent raudom vari-  to he msed in the Appendix.
ables Uy and Ty
L4 b i) B. Sojt Channel Outputs
L @ ug) — 108 T oty ) Now, we will define more clearly what is. meant by the

“soft values™ of a chauncl. If we cncode the binary value u
having a soft value Lix) then we create codgd bits = with soft
{ir}. For an (N, K )-systematic code, K of the bits =
are equal 1o the information bits u. After transsuission over a
binary symmeirie channel (BSC) of a Gaussian/fading channcl
we can eaculate the Tog-likefihood ratio of & conditioned on
the matched fiter ouput

=2 sign (L{w )
min (| £(u)], |

ign (L))
{uz)])- ©)

vahues, 1{;

From now on we will usc a special algebra for the log-
likeliiood ratio values L{x): We use the symbol 8 as the
notation for the addition defined by

L) H Lz} £ Loy 9 ug) )

with the additional rules

( pluiz
=log [
e w)Boc = L) B -z —Tu) (8 Py
With our notation we obtain
and 5
; - exp(— g (y
T(wyFio © el = los o m

By induction onc can further prove that Lewi Lim) as
S with L, = 4a - H, /N, For a fuding channcl, a denotes the
SB L) Oz Fading amplitede whereas for 4 Gaussian channel we set ¢ — 1.
gt M For a BSC, 7, is the log-likelihood ratio of the crossover

Joachim Hagenauer (TU Munich)
A great advocate of LLR arithmet
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=log’ ' — 2
(e +1) - [ e
A 2

IC.

probabilities Py, where Le = log ({1~ Po)/Pa). Le'is called
the reliabifity value of the channel.

uriher note that for staistically independent transmis-
sion, as in dual diversity or with a repetition code

Lizlys y2) = Lo,y + Loy + Ex) 16)



Calculating with LLR Rina

. 10+ ch —0y1 Lx; cn(y1)
space | ;
or . 20+ ch —0y2 Lx,.cn(y2)
time 5 i

v | 230+ ch —0Yy3 Lx,n(y3)

__________

P(X; =+41|Y =vy) P(X1 =+41) P(Y =y|X1 =+1)
L(X1Y = = log =- = l0g + log
=y =109 s — Ty =y ~ O p, = -1 TP = yix; = 1)
— — P(Y X1 =+1
g P =4 PO =X =4D) | (Yg) = ypylXs = +1)
P(X;=-1) P(Y1 =y1|X1=-1) PY [y = g[l]|X1 = —1)
\ J _J N\ __J
Y Y Y
a-priori channel extrinsic
L-value L-value L-value
Lx1,app(¥) = Lixiapri + Lx, en(y1) +

I—Xl,ewtr(g[l])
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Note on Notation M

For a vector y with its i'th element removed we write

Y4 — ['Ql} o Yi-1,Yi41 ,'yn]
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Repeat Code M

210+ ch —0y1 Lx; (1)

130+ ch —0y3 Lx,cn(y3)

i o> O—» ch —0O Yo LXQ,ch(yQ) ‘ T1 = Tp = I3 ‘

P(Y[1] =yl X1 =+1)
P(Y[l] — y[1]|X1 —1)

P(Yo = yo,Y3 = y3|Xo = +1,X3 = +1)
P(Yo =y2, Y3 =y3|Xo =—-1,X3=-1)

P(Yo = yp|Xo = —I—l)_|_Iog P(Y3 = y3| X3 = +1)
P(Y2 = yo|Xo = —1) P(Y3z = y3|X3=—1)

LXl,ea:t'r' (y[l]) —

= log

= log

Lx ) extr (Y[17) = L x, e (92) + L x5,en(¥3)

I—Xl,app(g) = I—Xl,apri + I—Xl,ch(yl) + I—Xg,ch(yQ) + I—X3,ch(93)
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Single Parity-Check Code M

£1 0+ ch —0y1 Lx; cn(y1)

Zo O+ ch —0y2 Lx, n(y2) ‘ T1 T T3 = +1‘

. 230+ ch —0y3 Lx;ny3)

P(X;=41) ,, POV =uy1|X1=+41), PO =ypylX1=+1)
pr— pr— I
HRE =) =9 G = T P = ks =~ T Py = gy ¥ = D)
og PO =w1lX1=+1) || PG =+11¥p) = ypy))
P(Y1 =y1|X1=-1) P(Xy1 = —1Y 1) = ypq))
I—Xl,ch(yl) LXl,ap’rfi + I—Xl,extr(g[l])
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Gallager-Lemma

Consider a sequence of m indeélv’lnden’r binary digits in
which the i'th digit is 1 with probability P;. Then the
probability that an even number of digits are 1is

14+ 162, —25)
2

The probability that an odd number of digits are 1 is

14+ IEE,(A-2R) 12,1 —2F)
2 2

1
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Single Parity-Check Code M

g P(X1 = +1Y[1) = ypyy)
P(X; = _1|X[1] — Q[l])

P(X = _1|X[1] — Q[l]) = P(X2 X3 = _1|X[1] — 2[1])

1Tl 1 - 2P0XG = 1Y) = ypyy)

2
1-2P(Xq = —]-IZ[:[] = 2[1]) - H [1 —2P(X; = _1|X[1] = g[l])}
i#1
= [[ [1 - 2P(X; = —-1|Y; = y;)]
i#1

LXl,apri + LXl,ea:tr(y[l]) _ H tanh LXi,z'ntr(yi)
2 i1

tanh

X, intr(Yi)

L
LXl,apri‘I'LXl,e:):tT(y[l]) = Q’tanh_l H tanh
i7#1
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Single Parity-Check Code M

T1 0= ch —0OY1 LXl,ch(yl)

. 200+ ch —0y2 Lx,.n(y2) ‘ 21T Ty = _|_1‘

. 230+ ch —0y3 Lx;ny3)

Ly ; :
I_(X].'K — g) = LX]_,Ch(yl)_l_Q'tanh_l |:H tanh X@,th?“(yz)]
i1

I—Xl,ch(yl) I—Xl,apri + I—Xl,extr(g[l])
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Calculating with LLR - Summary M

If we receive independent noisy observations
of the same binary random variable, we can
add their channel L-values.

The L-value of a binary random variable that
is the XOR of other random variables can be
calculated using the tanh-rule.
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Single Parity-Check Code
Example W

Parity-Check code x;¢ x, ¢ x3= +1

Assumption: no a-priori information (L, = Linsr)

Lins=[+1.50 -2.00 +2.00]

Lx. intr(¥i)

L(X1]Y =y) = Lx, n(y1)+2tanh~* | I tanh
i£1

Lopp=[+0.18 -0.94 +0.94]

Decoder output: +1 -1 +1

This is not a codewordl!ll
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Single Parity-Check Code
Sequence Probability M

P(X =z)
P(X =z|Y =y) =P(Z=gli=£)-P(Y=y)
P(X = a:)
— P Y, = y;| X; =
TP = y) z YUP(X = )
L
P(X = +1]Y =) Lty Y
e =y) = 7 = I, @ . W
1+ elen(®) e_hTy+ehTy
Loy (y)
P(X = —1]Y =) L € 2
= — =y) = 17 e I, W T, W
1+ elen(y) e_hTy+ehTy

argmaxgec {P(K = z|Y = g)} = argmaxgec {Z Lx, ch - X,;}
i
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Single Parity-Check Code
Sequence Probability - Example M

L. =[+150 -2.00 +2.00]

x Z Lx. intr X
+1 +1 +1 +1.50
+1 -1 -1 +1.50
-1 -1 +1 +2.50]|

-1 +1 -1 -5.50
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Summary Decoding strategies W

= If the decoder uses a-priori information it is
called maximum a-posteriori (MAP) decoder.

= If the decoder uses no a-priori information it is
called maximum likelihood (ML) decoder.

= The decoder can be designed to find the most
likely symbol or the most likely sequence. This is
independent of the use of a-priori information!
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