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Warning: Catastrophic encoders
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Consider the (6, 5)8 encoder shown,
with input u = 111111111 · · ·
The code sequence generated is

x = 11 01 00 00 00 00 00 00 00 00 · · ·
Suppose the received sequence is

y = 11 10 01 00 00 00 00 00 00 00 · · ·
This is itself a codeword, corresponding to source string

u′ = 100000 · · ·
⇒ A finite number of channel errors (only three, in fact)

led to infinitely many decoding errors!

Encoders with this very undesirable property are called catastrophic
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What made this encoder catastophic?
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The root of the problem is that we can go from state 11 to state
11, with an input bit of weight 1 and an output string 00 that has
weight 0!!

but beware! Not all catastrophic encoders are so easy to identify. . .
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Catastrophic Encoders
Consider the rate R = 1 convolutional encoder
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• The infinite weight input sequence u = 1, 1, 1, . . . results in
the weight 2 output sequence x = 1, 0, 1, 0, 0, 0, 0, . . ., How
did we know this?

• Encoding of the sequence u = 1, 1, 1, . . . can be expressed in
the D domain as

X (D) = c(D)u(D)

= (1 + D + D2 + D3)(1 + D + D2 + D3 + D4 + . . .)

• Noting that c(D) = (1 + D)(1 + D2) and u(D) = 1
1+D (sum

of a geometric sequence), we have

X (D) =
(1 + D)(1 + D2)

1 + D
= 1 + D2
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Catastrophic Encoders
• What we have learned from the example:

• a rate R = 1 convolutional encoder c(D) is always
“catastrophic” (finite number of channel errors potentially
results in infinite number of information bit errors)

• You get a finite weight output sequence by feeding it with the
infinite weight sequence 1/p(D)

• p(D) is either equal to c(D) or any polynomial dividing c(D).

• This motivates the theorem:

Theorem [Massey & Sain, 1968]

Suppose a rate R = 1/n encoder has generators {c1, c2, . . . , cn}.
If the greatest common divisor of the polynomials {c1(D), c2(D),
. . . , cn(D)} is of the form Dℓ for some integer ℓ ≥ 0, then the
encoder is not catastrophic

In other words, if there is no common divisor that results in a finite
weight output from all the generators, then infinite weight input
sequences always result in an infinite weight output sequence.
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Detours in trellises

Consider the trellis of the (5, 7)8 encoder
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• The path drawn in red is a detour from the all-zero blue path
• The detour has

• 5 trellis stages (5 encoded inputs)
• input weight 2
• output weight 6
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The significance of detours
• Clearly the performance of the Viterbi algorithm and/or BCJR

depends on the number and properties of detours in the trellis
• We would like to answer questions such as:

• what is the detour of minimum output (code sequence)
weight? (this is known as the free distance dfree)

• how many input bits would be decoded wrong if a codeword
on a detour was selected?

• how many detours of weights d = 1, 2, 3, 4, . . . are there, how
many stages does each have, and what are the weights of the
corresponding input sequences?

• All questions are concerned with the scenario where the
all-zero codeword is transmitted and the noise pushes us to
consider detours from the transmitted all-zero path

• Since the code is linear and the channel is a BISMC,
measuring decoder performance when the all-zero codeword is
transmitted is sufficient: the performance for any other
transmitted codeword is the same
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Counting detours

Consider the state diagram of the (5, 7)8 encoder with the zero
state split into a “start” and “end” state (the start and end of a
detour):
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Counting detours with dummy variables J ,N ,D
• We will (once again) harness the power of polynomials

(actually, multinomials in this case) to count detours

• Label each branch with JNwiDwo where wi and wo are the
weights of the input bit and output bits along the branch,
respectively
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Counting detours with dummy variables J ,N ,D
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• Consider the highlighted detour assuming that we go n times
around the self-loop in state 11

• The product of the branch labels along this path is
J4N2D6(JND)n

• These paths comprise 4 + n trellis stages, corresponding to
input sequences of weight 2 + n and output sequences of
weight 6 + n

• The degrees of the multinomials answer all our questions
• We need the graph transfer function Tstart→end(J,D, I )
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Computing the transfer function
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• Define a variable for every state and set up the system of
equations corresponding to the graph




x10 = JND2xstart + JNx01

x11 = JNDx11 + JNDx10

x01 = JDx10 + JDx11

xend = JD2x01

• Solve (analytically!) and determine T (J,N,D) = xend
xstart
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Converting back to a power series
• In the example,

T (J,N,D) =
J3ND5

1− (1 + J)JND

• This is a tedious calculation! (I’ll soon teach you a trick to
make it easier. . . )

• Using the sum of a geometric sequence

T (J,N,D) = J3ND5(1 + α+ α2 + . . .) where α = (1 + J)JND

= J3ND5 + J4N2D6 + J5N2D6 + J5N3D7

+ 2J6N3D7 + J7N5D7 + J6N4D8 + . . .

• The expression says:
• There is one path of 3 inputs (including one 1) of output

weight 5 (hence dfree = 5)
• There is a path of 4 inputs (incl. two 1s) of output weight 6
• etc. . .
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Summary so far
• Split the zero state into a start and end state
• Set up a system of equations and solve analytically to obtain

T (J,N,D)
• Convert back to power series using partial fractions, sum of

geometric sequence or polynomial division
• If only interested in output weight, you can ignore J and N

and evaluate

T (D) = T (1, 1,D) = D5 + 2D6 + 4D7 + . . .

i.e., there is one detour of weight 5, two of weight 6, 4 of
weight 7, etc.

• You can also compute the transfer function T (D) dirtectly
labeling branches only with Dwo but be careful: this doesn’t
always work (e.g. if there is a weight zero self-loop)

• Transfer function can be used to bound the error probability,
such as the for the Viterbi algorithm on the BIAWGN,

Pe ≤
∑

k

T (D)|ck Q
(√

2kSNR
)
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Mason’s gain formula: how to avoid messy equations

• The transfer function formula is

T =
xout
xin

=

∑N
k=1 Gk∆k

∆

• ∆ is the graph determinant

∆ = 1−
∑

i

Li +
∑

i,j

LiLj −
∑

i,j,k

LiLjLk + . . .

• Gk is the gain of the k-th forward path (from in to out)
• Li is the gain of the i-th loop
• LiLj is the product of the non-intersecting loops i and j
• loops are said to intersect if they have at least one common

node
• ∆k is the determinant of the graph with loops intersecting

with the k-th forward path removed
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Mason’s gain formula: background

• This rule is derived from Cramer’s rule to invert a matrix
using the determinant and co-factors

• It is useful when computing the transfer function of a signal
flow graph with not too many non-intersecting loops

• Signal flow graphs have applications in control theory (block
diagrams), coding (convolutional coding) and electronics
(circuit analysis) and possibly in other fields
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Turbo Codes

I1 - PARALLEL CONCATENATION OF RSC CODES 
With RSC codes, a new concatenation scheme, 

called parallel concatenation can be used. In Fig. 2, an 
example of two identical RSC codes with parallel 
concatenation is shown. Both elementary encoder (Cl and 
C2) inputs use the same bit dk but according to a different 
sequence due to the presence of an interleaver. For an input 
bit sequence { &), encoder outputs Xk and Yk at time k are 
respectively equal to dk (systematic encoder) and to encoder 
C1 output Y l k ,  or to encoder C2 output Y2k. If the coded 
outputs ( Y l k ,  Y 2 k )  of encoders C1 and C 2  are used 
respectively nl times and n2  times and so on, the encoder C1 
rate R 1 and encoder C2 rate R2 are equal to 

(6) 
n, + n ,  R, = 

2n, +nl * 

*k 

Systemab 
Code (37,21) 

I 

Fig. 2 Recursive Systematic codes 
with parallel concatenation. 

The decoder DEC depicted in Fig. 3a, is made up of two 
elementary decoders (DEC1 and DEC2) in a serial 
concatenation scheme. The first elementary decoder DECl is 
associated with the lower rate R1 encoder C1 and yields a 
soft (weighted) decision. The error bursts at the decoder 
DECl output are scattered by the interleaver and the encoder 
delay L1 is inserted to take the decoder DECl delay into 
account. Parallel concatenation is a very attractive scheme 
because both elemenmy encoder and decoder use a single 
frequency clock. 

For a discrete memoryless gaussian channel and a 
binary modulation, the decoder DEC input is made up of a 
couple Rk of two random variables nk and yk, at time k 

xk = ( 2 4  - 1) + i ,  ( 7 4  
Y, =w, -u+q , ,  (76) 

where ik and qk are two independent noises with the same 
variance 02. The redundant information yk is demultiplexed 
and sent to decoder DECl when Yk = Y l k  and toward decoder 
DEC2 when Yk =Y2k. When the redundant information of a 

given encoder (Cl or C2) is not emitted, the corresponding 
decoder input is set to zero. This is performed by the 
DEMUXDNSERTION block. 

It is well known that soft decoding is better than 
hard decoding, therefore the first decoder DECl must deliver 
to the second decoder DEC2 a weighted (soft) decision. The 
Logarithm of Likelihood Ratio (LLR), Al(dk ) associated 
with each decoded bit dk by the first decoder DECl is a 
relevant piece of information for the second decoder DEC2 

(8) 
P, {dk = 1 /observution) 

" (dk' = Log P, {dk = O/observution) * 
where P,{dk = i  lobservation), i = 0, 1 is the a posteriori 
probability (APP) of the data bit dk. 

- _ -  
DEMUW 
INSERTION 

Fig. 3a Principle of the decoder according to 
a serial concatenation scheme. 

I11 - OPTIMAL DECODING OF RSC CODES WITH 
WEIGHTED DECISION 

The VITJZRBI algorithm is an optimal decoding 
method which minimizes the probability of sequence error 
for convolutional codes. Unfortunately this algorithm is not 
able to yield the APP for each decoded bit. A relevant 
algorithm for this purpose has been proposed by BAHL et al. 
[l]. This algorithm minimizes the bit error probability in 
decoding linear block and convolutional codes and yields the 
APP for each decoded bit. For RSC codes, the BAHL et al. 
algorithm must be modified in order to take into account their 
recursive character. 

I11 - 1 Modified BAHL el al. algorithm for RSC codes 
Consider a RSC code with constraint length K; at 

time k the encoder state Sk is represented by a K-uple 

Also suppose that the information bit sequence (dk )  is made 
up of N independent bits dk, taking values 0 and 1 with equal 
probability and that the encoder initial state So and final state 
SN are both equal to zero, i.e 

The encoder output codeword sequence, noted 

gaussian memoryless channel whose output is the sequence 
R: = (R,. ....... R~ ........ RN ) where Rk =(Xk,yd is defined by 
relations (7a) and (7b). 

s& = (u&.a&-, ....... a,_,+, ). (9) 

so = sN= (0, 0 ...... 0) = 0. (10) 

Cy = {C, ....... Ck ........ CN)is the input to a discrete 
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feedback loop 
I 

- 
, 
_ - - .  leaving 

DEMUW 
INSERTION 

JI 
decoded output 

Fig. 3b Feedback decoder (under 0 internal delay assumption). Gk 

V-1 Decoding with a feedback loop 

1 zz z yl(yk,”,  m)ai - l (m’)Pk(m)  

Z Z Z yo ( y k ,  m’, m)a:-, ( m  ’)bk t m) 
Log “ j ; O  . (27) 

m m ‘ j = 0  
Conditionally to dk =l (resp. dk =O), variables xk are 

gaussian with mean 1 (resp. -1) and variance 02, thus the 
LLR A (dk) is still equal to 

2 
A ( d k ) = T x k  + wk (28) 

d 
where 

wk = A ( d k )  Ix1=o = 
1 zz Z y l ( y k , m ’ , m ) a ~ - l ( m ’ ) P k ( m )  

zz Z: y o ( y k ,  m’,m)aJ-,(m’)P,(m) 
“jrO 1 . (29) 

m m ‘ j = 0  
Wk is a function of the redundant information introduced by 

the encoder. In general Wk has the same sign as dk; therefore 
wk may improve the LLR associated with each decoded data 
bit dk. This quantity represents the extrinsic information 
supplied by the decoder and does not depend on decoder 
input xk . This property will be used for decoding the two 
parallel concatenated encoders. 

V - DECODING SCHEME OF PARALLEL 
CONCATENATION CODES 

In the decoding scheme represented in Fig. 3a, 
decoder DECl computes *LLR Al(dk) for each transmitted 
bit dk from sequences (xk} and { yk} , then the decoder DEC2 
performs the decoding of sequence( dk}  from sequences 
(A1 (dk)) and ( y k ] .  Decoder DECl uses the modified BAHL 
et al. algorithm and decoder DEC2 may use the VITERBI 
algorithm. The global decoding rule is not optimal because 
the first decoder uses only a fraction of the available 
redundant information. Therefore it is possible to improve the 
performance of this serial decoder by using a feedback loop. 

We consider now that both decoders DECl and 
DEC2 use the modified BAHL et al. algorithm. We have 
seen in section IV that the LLR at the decoder output can be 
expressed as a sum of two terms if the decoder inputs were 
independent. Hence if the decoder DEC2 inputs Al(dk) and 
y2k are independent, the LLR A2(dk) at the decoder DEC2 
output can be written as 

with 
A2 (dk 1 = f (A1 (dk )) + wzk 

2 
cr2 

(30) 

(3 1) Al(dk)=-X + w1k 

From relation (29), we can see that the decoder DECz 
extrinsic information W2k is a function of the sequence 
{ A1 (d,)]n+k Since A 1 (d,) depends on observationRp. 
extrinsic information W2k is correlated with observations . I C ~  

and ylk. Nevertheless from relation (29), the greater I n-k I is, 
the less correlated are AI (d,) and observations xk , yk. Thus, 
due to the presence of interleaving between decoders DECl 
and DEC2, extrinsic information W2k and observations xb 
ylk are weakly correlated. Therefore extrinsic information 
W2k and observations xk , ylk can be jointly used for carrying 
out a new decoding of bit dk, the extrinsic information 
zk = W a  acting as a diversity effect in an iterative process. 

In Fig. 3b, we have depicted a new decoding scheme 
using the extrinsic information W2k generated by decoder 
DEC2 in a feedback loop. This decoder does not take into 
account the different delays introduced by decoder DECl 
and DEC2 and a more realistic decoding structure will be 
presented later. 

The fist decoder DECl now has three data inputs, 
(xk, y l k ,  zk) and probabilities a i k ( m )  and&,(m) are 
computed in substituting Rk = { x k ,  y l k ]  by Rk =&k, ylk,  a) in 
relations (21) and (22). Taking into account that Q is weakly 
correlated with xk and y lk  and supposing that ,Q can be 
approximated by a gaussian variable with variance a: # 02, 

the transition probability of the discrete gaussian memoryless 
channel can be now factored in three terms 
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From: “Near Shannon limit error-correcting coding and decoding: Turbo-codes” by C. Berrou & al., ICC 1993.
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Turbo Codes

From: “Near Shannon limit error-correcting coding and decoding: Turbo-codes” by C. Berrou & al., ICC 1993.
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