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Note: slides 14, 16 and 17 are not self-explanatory. They will be annotated
during the lecture to explain how the decoder works. If self-studying this part,

you can only make sense of those slides by watching the lecture recording.
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Reminder: optimal decoding

l (Uy, Us, ..., Uk) I

Channel Encoder Channel Decoder

(Xa, %o, Xa) [ (Y4, Yayeo, Vo)
Channel

An unknown codeword (X1, ..., Xy) € C from a linear block code
C is transmitted and an observation vector
(Y1,...,Yn) = (y1,-..,¥n) is received.
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Reminder: decoder implementation

Computation Decision

Block optimal P(x|y) arg max, P(x|y)
Bit optimal || P(x¢|y) or P(uely) | argmax,cq 1y P(Xe = x|y)

® Bayes' rule:

P(x)Pylx) _ P(x)TTi—1 P(yelxe)
P(y) Py)

P(xly) =

® Block decision:

n
arg max P(x|y) = arg max P(x) H P(ye|xe)
xeC o xeC I—1

® Bit computation:

P(X; = x|y) = Z P(x|y) (or equivalent for Uy)

xEC,xp=x
® \We need to compute the sum or max over 2 codewords!
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Objective

We need efficient methods to compute sums or max over 2K
terms, where typically K > 500.
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A motivational example
® Compute max, f(u) or > f(u) (full max/sum)
e Compute maxy.,—, f(u) of > wu—u f (1) (partial max/sum)
® For example, u = ujupus binary can take on values
000,001,010,011,100,101,110,111. Sum or max over 8 terms.
® Assume function factorises f(ujupuz) = fi(u1)fo(u2)fz(u3)
® Full sum directly:

f(u) =f(0)£(0)f(0) + £1(0)£(0)f(1) + f1(0)2(1)%(0)
+ A(0)2(1)f(1) + £(1)£(0)5(0) + A (1)~(0)f(1)
+ (1) H(1)A(0) + A(1)A(1)f(1)

7 sums, 16 multiplications
® Full sum can be computed by factorisation:

> f(u) = (A(0) + A(1)) (£(0) + £(1)) (£(0) + f(1))

3 sums, 2 multiplications

® Similar approach can obtain the overall max.
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Factorisation on a trellis

® The full and all partial sums can be computed by expressing
the problem on a trellis

f(1) f3(1)

® The branch labels are called the v values

® At every node j, we compute the o as ). vjja; where the
sum is over all the branches ending in node j (forward
iteration)

® At every node j, we compute the 3 as > . ~;i5i where the sum
is over all the branches starting in node j backward iteration)
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Factorisation on a trellis (continued)

® Qioor = Proot = Y, f(gu)) is the full sum
® For any branch, «;v;;3; is the sum of the function over all
paths that pass through the branch

® To obtain the sum over all u whose ¢-th symbol is 0, sum
«jyi3i over all branches corresponding to a 0 in the /-th
trellis stage

® Any marginalised value of interest can be computed by
summing partial results in the trellis similarly

® Replace sums by max in the computation of a and 5 to solve
partial max problems

® A trellis is a factorisation tool. It allows us to optimally re-use
partial results in all the computations we require.
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Formal definitions

® A trellis for the function f must satisfy the following
conditions:

® it is a cycle-free directed graph with a unique root and toor

® every path u through the trellis is valid in the sense that the
function f of interest is defined for u

® every valid argument u of f corresponds to a path in the trellis

® for any vertex v in the trellis, the function f of interest
factorises as

f(path through v) = fi(path to v)f;(path from v)

for all paths through v
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History

Numeri

In(1+e2) = In

The multiply&add algorithm is called the “Forward
Backward” algorithm in the inference, machine learning, and
speech processing literature. It is typically applied to general
Hidden Markov Models (HMMs) and was originally proposed
by Baum & Petrie in 1966

In communications, it is often called the Bahl Cocke Jelinek
Raviv (BCJR) algorithm after a 1974 paper that proposed it
for decoding convolutional codes

The Baum Welch algorithm puts the forward backward on its
head, using it to estimate unknown model parameters

The multiply&max algorithm is almost universally called the
Viterbi algorithm after his 1967 paper applying it to
convolutional codes. It is an instance of dynamic
programming, developed by Bellman in the 1950s

For DNA alignment, it is known as Needleman Wunsch or
Smith Waterman (slightly different flavours of the same
algorithm)
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cal Stability

Viterbi algorithm often turned from multiply&max algorithm
to sum&max or sum&min by taking log or — log

For BCJR, sums cannot be evaluated in the log domain. Still,
products of probabilities are challenging without taking logs.

Many implementations use the sg called “log max” tri
In(e* + &) = |ns[ema><(x,y) Zl + emm(xyy)—maX(X,y)j

= max(x,y) + In(1+ e 2)
where A = max(x,y) — min(x,y) >0

and In(1 4 e~2) is often tabulated for fast evaluation. Python
has a funtion numpy.logaddexp() to evaluate this?.
It is not well appropximated by a single polynomial but
piecewise linear or quadratic approximation e.g., around
pre-computed Ink for k =1,2,3... foIIowszfrom
k+1 A—-Ink kK(A-Ink
— - K+14—§K+Dl+o«Ammf>

'Thanks to Ben Domb 2024 for pointing this out
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Trellis of a convolutional code

We consider again the (5,7)g forward encoder
1/01
0/10 1/10

@_))Qk 0/01
u
“Hofo o

X2k+1
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Trellis of a convolutional encoder (continued)

® This time we consiser the 6 input non-terminated encoding.

® |n order to satisfy the trellis conditions, we add a termination
state (). The edges into () aren't labeled as they aren't
associated with inputs or outputs

® |t's easy to verify that all trellis conditions are fulfilled
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Transmission over a binary symmetric channel (BSC) with

crossover probability p <

arg max P(y|x) = arg min
X X

= arg min
X

= arg min
X

= arg min
X

0.5

N
—log || P(Yk\Xk)]
k=1

:_ log (pd(z,x)(l _ p)N—d(z,x))}

p

—Nlog(1 — p) + d(x, y)log

= argmind(x, y)

:_ o ((1 o <ﬂ> d(é»X))]

1—p]
p

so the maximum likelihood decoder for this channel is a minimum

Hamming distance decoder.

Viterbi Algorithm for the

BSC
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Transmission over a Binary Input Additive White Gaussian
Noise channel (BiIAWGN)

The x, are now interpreted as +1 (for 0) or -1 (for 1). The
outputs are Y = X + Z where Z ~ N(0, 02).

N
argmax f(y|x) = argmin | — log H f(Yk|Xk)]
k=1

X X
. | ﬁ 1 _(yk_’;k)2
= argmin | — log e 20
X o1V 2o

N
= arg min Z(yk — x¢)?
% k=1

so the maximum likelihood decoder for this channel is a minimum
Euclidian distance decoder.
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Viterbi Algorithm for the BIAWGN

y =[-1.2,0.7,0.1,-0.9,1.1,-0.8,0.4,-0.2,0.1,-0.8,0.8,0.5 ]
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BCJR for the BSC
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